Abstract. We consider N circles of equal radii, r, having their centers randomly placed within a square domain D of size L × L with periodic boundary conditions (D ∈ R 2 ). When two or more circles intersect each other, each circle is divided by the intersection points into several arcs. We found the exact length distribution of the arcs. In the limiting case of dense systems and large size of the domain D (L → ∞ in such a way that the number of circle per unit area, n = N/L 2 , is constant), the arc distribution approaches the probability density function (PDF) f (ψ) = 4nr 2 exp(−4nr 2 ψ), where ψ is the central angle subtended by the arc. This PDF is then used to estimate the sheet resistance of transparent electrodes based on conductive rings randomly placed onto a transparent insulating film.
Introduction
Problems relating to the covering of circles by randomly placed arcs of random length have been solved over recent decades [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] . Despite the seeming academicism, such problems have numerous applications. Thus, in [14] , covering a circle by randomly placed arcs was considered in connection with its application to the shading problem; in [7, 11] , the problem was associated with a random sequential adsorption of rods and a parking problem; in [15] , the approach was applied to the problems of genomics. Related problems of covering surfaces with circles are directly related to networks of sensors [16] and mobile connections [17] .
Films constituting a conductive mesh on a transparent insulating substrate are known as transparent electrodes. The mesh can be produced by different methods such as ink-jet printing, deposition, etc. A particular case of such electrodes is that of ring-based electrodes. Conductive rings can be created, e.g., by using the "coffee-ring effect" [18, 19] or by chemical methods [20, 21] .
The rest of this paper is constructed as follows. In section 2, the model is described and all necessary quantities are defined. In section 3, we consider the intersection of only two circles (section 3.1); then, we obtain results for a circle that is intersected by k other circles (section 3.2); finally, we derive a rigorous formula for a system of N circles (section 3.3). Asymptotic behavior is studied in section 3.4. Section 4 is devoted to the sheet resistance of ring-based transparent electrodes. Section 5 summarizes our main results.
Model, definitions, and methods
Consider a square domain D of a plane R 2 . Let the size of the domain be L × L. The domain is subject to periodic boundary conditions (PBCs). PBCs are applied to simplify the consideration by eliminating any effects of borders.
The centers of the N circles of radii r are assumed to be independent and identically distributed (i.i.d.) in D, i.e., x, y ∈ [0; L], where (x, y) are the coordinates of the center of the circle. The relation L > 2r is assumed.
The number of circles per unit area
is known as the number density. When asymptotic behavior is considered, any changes of the quantities L and N are supposed to be consistent in such a way as ensure preservation of the given value of the number density, n. If some circles intersect each other, these circles are divided into several arcs. An isolated circle is supposed to have only one arc of length 2πr. We are looking for the length distribution of these arcs, and can characterize any arc by the angle that it subtends at the center of the circle. All angles are measured counterclockwise. For simplicity, when we refer to the length of an arc, we mean the angular distance of that arc. Since we are dealing only with circular arcs, we shall simply use the term "arc".
An outline of our "road map" is as follows. To obtain the length distribution of the arcs in a system of N circles, we are going to find the length distribution of the arcs in only one circle that intersects exactly k other circles. With such a distribution in hand, we can apply a binomial distribution to obtain the arc length distribution in a system of N circles. We will start with the simplest case k = 1, then, we will add some extra circles.
Rigorous results

Two intersecting circles
Let a circle (circle 1) be intersected by another circle (circle 2). Let us consider an arbitrary point A on circle 1. Let an arc θ starts from A. When 0 θ π, circle 2 intersects or touches circle 1 within this arc if and only if (iff) the center of the circle 2 is located within the hatched region in figure 1(a) . The area of the hatched region is the area of the sector with the central angle θ (2θr 2 ) plus the area of two semicircles with radii r, i.e. the area of the circle with radius r (πr 2 ), minus the area of the region in the form of a vesica piscis (r 2 (π − θ − sin θ)). Hence, the probability that the intersection point is located between 0 and θ from point A is When π < θ 2π ( figure 1(b) ), circle 2 intersects or touches circle 1 within the arc θ iff the center of circle 2 locates within the hatched region in figure 1(b) . The area of this region is equal to the area of the sector θ (2r 2 θ), plus the area of two isosceles triangles (r 2 sin(θ − π)), plus the area of the two sectors (r 2 (2π − θ)) (see figure 1(c) ). Hence, the probability that the intersection point is located between 0 and θ from point A is
Finally,
3θ + sin(θ), 0 θ π;
the PDF can be easily obtained from (2) by differentiation
Hereinafter, we suppose that the upper line corresponds to the case 0 θ π, while the bottom line corresponds to the case π < θ 2π.
Given circle is intersected by k other circles
Let there be a circle (circle 1) that is intersected by exactly k other circles (1 k N − 1). Let A be an arbitrary point on circle 1 and Θ k be the angle between this point and the nearest (counterclockwise) intersection point with another circle (0 Θ k 2π). In fact, the case k = 1 was considered in section 3.1, hence, now we start from k = 2.
Let us divide k circles into two groups, viz., the first group consists of only one circle, while the other group consists of the rest of the k − 1 circles. For each of the two groups, Θ 1 and Θ k−1 are the angles between point A and the nearest intersection point, respectively. Θ 1 and Θ k−1 are assumed to be independent. If A, B, and C are random variables with the cumulative distribution functions (CDFs)
Accounting (2), the CDF is
Hence, the PDF is
System of N circles
If circle 1 and circle 2 intersect each other (figure 3), the probability that the distance, l, between their centers does not exceed x is
Hence, the distance, x, between the centers of the two intersecting circles obeys the PDF f X (x) = x 2r 2 , where 0 x 2r, while the PDF of the central angle is
(see figure 3 ). Two circles intersect each other, iff the distance between their centers l 2r. If circle 1 and circle 2 intersect each other, the probability that the distance between their centers does not exceed x is the ratio of the area enclosed by a circle of radius x to the area enclosed by a circle of radius 2r.
Let the random variable Ψ be the central angle corresponding to a random arc, 0 Ψ 2π. Let a given circle (circle 1) be intersected by exactly k other circles. The intersection points between circle 1 and these k circles divide circle 1 into 2k arcs. The random variable Ψ k is the central angle of a random arc produced by the intersection of an arbitrary circle with exactly k other circles. Its PDF is f Ψ (ψ; k), where 0 k N −1. The PDF of an isolated circle (with central angle of the arc 2π by agreement) is the δ-function f Ψ (ψ; 0) = δ(ψ − 2π).
Let circle 1 be intersected by only one other circle. In this case, circle 1 is divided into two arcs, viz., ψ and 2π − ψ. Accounting (6), the PDF is
The CDF can be found by integrating (7) F Ψ (ψ; 1) = 1 4
1 − cos ψ,
Let us consider a circle (circle 1). Add one circle to intersect circle 1. Choose one of the two intersection points as a given point (point A). Now, add an extra k − 1 circles intersecting circle 1 (figure 4), then
Here, 2 k N − 1. Both the random variables Ψ 1 and Θ k−1 are assumed to be independent. Then, When k 2, the PDF can be obtained using differentiation of the CDF (9)
Accounting (4), (5), (7), and (8),
It is noteworthy that, despite the assumption k 2, (10) is also correct for k = 1 transforming into (7) .
Two circles intersect each other, iff the distance between their centers l 2r, i.e., the center of the second circle is located inside a circle of radius 2r concentric with the first circle (the shadowed region in figure 3 ). Since the area of the shadowed region is 4πr 2 , the probability of intersection of two arbitrary circles randomly located in D is
Accordingly, the probability that the two circles do not intersect each other is equal to
The probability, P k , that a given circle is intersected by exactly k other circles follows the binomial distribution
Let circle 1 be intersected by exactly k other circles. Then, circle 1 is divided into ν(k) arcs ν(k) = 2k + δ k0 , where δ ij is the Kronecker delta. The random variable M is the number of circles intersecting a random arc, 0 M N − 1. Choose a random arc and consider the circle that this arc belongs to. Find the probability that this circle is intersected by m other circles. The expected total number of arcs in the system is
The expected total number of arcs belonging to the arcs divided exactly into ν(m) arcs is ν(m)P m . The probability of interest is
The PDF, that a random arc subtending an angle ψ upon the condition that the arc belongs to a circle intersected by exactly m other circles, is equal to f Ψ (ψ; m). Application of the formula of total probability gives
Using obtained formulae for P k (13) and f Ψ (ψ; k) (10), this transforms into
Equation (14) together with definitions (11) and (12) is the PDF of the central angles of the arcs produced by the intersections of N circles of equal radii r with i.i.d. centers within D.
Asymptotic behavior
Let L, the size of the domain under consideration D, tends to infinity in such a way that n = const, i.e., the number of circles varies as N = nL 2 . Application of the lim x→∞ (1 + x −1 ) x = e to (14) leads to the PDF (lim Figure 5 presents the PDFs (15) for different values of the quantity nr 2 . When nr 2 = 4, all arcs are equal to or less than π/8 occur with a probability 0.998. When nr 2 = 10, this probability is equal to 0.9999998. Since, for α = π/8, using α instead of sin α produces an error of less than 3%, this value can be used as the threshold for small angles. Now, let us consider the behavior of (15) when nr 2 ≫ 1. In this case, almost all the arcs are small, i.e., ψ ≈ 0, and the number of isolated circles is negligible. Hence, we can omit the term with the δ-function and ignore the bottom line in (15) . Since sin ψ ≈ ψ and cos ψ ≈ 1, the PDF is equal to
Note, that (16) can be derived in another way, directly from the consideration of a dense system and averaged quantities by omitting consideration of the common case (see Appendix A). η = na, where a is the area of the deposited object, is known as the filling factor (see, e.g., [22] ). φ = 1 − e −η is the surface coverage. In the case of discs with radii r, Figure 5 . PDFs (15) for different values of the quantity nr
Application to transparent electrodes
Recently, a formula for the sheet resistance of dense homogeneous random resistor networks (RRNs) has been proposed [23, 24] . The derivation of this formula is based on the assumption that, along such a system, the electrical potential drops linearly. This idea has been adapted to ring-based conductive films [21] . The following summary of the idea basically follows this article [21] . Let us consider an insulating film of size L × L. Equally-sized conductive rings r are randomly deposited onto this film. Since the system is supposed to be dense, almost all the rings belong to the giant component, i.e., they are involved in the electrical conductivity. A potential difference, V , is applied to the opposite borders of the film ( figure 6 ). Due to the linear potential drop along the system, the equipotential (isopotential) is a straight line.
Potential difference between two intersection points (junctions), which are the ends of the arc (figure 6), is proportional to the length of the vertical projection of the chord.
The electrical conductivity of an arc is inversely proportional to its length, l i , where σ is the conductivity of the wire. The electrical current through this arc is
The total electrical current through the film is equal to
where the summation extends over the all arcs intersecting an equipotential. The film resistance is
Since we are considering a square sample, this quantity is the same as the sheet resistance. All orientations of the arcs are assumed to be equiprobable.
is supposed to be close to the expected value
where f (ϕ, n) is the PDF of the arc size, ϕ, when the number density of the rings is equal to n. Moving from summation to integration, we have
where ϕ is the central angle, which is subtending by this arc. Since arc length is equal to l(ϕ) = rϕ, while the chord length is λ(ϕ) = 2r sin
When the distance between the ring center and an equipotential (figure 6) does not exceed r, the equipotential intersects this arc. On average, each equipotential intersects each of 2rnL rings twice. Thus, in order to estimate the electrical conductance of the sample, the integral (17) should be calculated and the number of intersections of each equipotential with different arcs, N V , should be found.
Using the PDF for large and dense systems (14),
Since the PDF decreases rapidly, we have changed the upper limit of the integral (2π → ∞). The plot of this PDF is indistinguishable from the plot of the PDF from (15) even for n ≈ 0 (figure 7). Expected value of the ratio of the chord length to the arc length (17) against the number density n. The plot was obtained by numerical integration of (17) using the PDF from (15) .
Now, we turn to the number of different arcs intersected by an equipotential, N V . Consider an arbitrary straight line intersecting an arc of radius r. Let the intersection points be A and C. The middle of the chord AC is denoted as B ( figure 8(a) ). Point B uniquely defines a straight line, except for the case when B is the center of this circle. When point B is located within the double hatched area, the chord twice intersects the arc subtending the central angle α. When point B is located within the hatched area, the chord intersects this arc only once. When point B is located within the empty area, the chord cannot intersect this arc. Let the distance between point B and the circle center be x. The probability of finding point B within the double hatched region is equal to the ratio of the length of an arc with radius x, completely located within the double hatched region (βx), to the total circumference (2πx) β 2π .
Let the origin of a coordinate system coincide with the circle center, while the abscissa goes through the "beak" of the double hatched area ( figure 8(b) ). Then, the coordinates of the "beak" are r cos α 2 , 0 .
The polar equations of the circles of radii r/2 that bound the double hatched region, in the polar coordinate system (ρ, φ) are
Thus,
The probability, that the chord twice intersects the arc, is
The probability, that the chord intersects the arc only once, is
Finally, the probability, that a straight line that intersects an arc, intersects this arc exactly twice is equal to the ratio of the probability, that this straight line intersects the arc twice, to the probability, that this line intersects the arc any number of times, is very small, i.e., with high precision, the number of different arcs intersected by an equipotential is equal to double the number of intersected circles, i.e.,
In such a way, for large values of the number density, n, the sheet resistance of the ring-based conductive film is equal to
This is exactly the same formula that was obtained previously using numerical estimations of arc length distributions [21] .
Conclusion
We considered the distribution of arc sizes in a system of equal-sized rings, r, the centers of which are i.i.d. within a square domain of size L × L with PBCs (L > 2r).
For an arbitrary number of rings, N, and domain size, L, we derived the PDF (14) . When L → ∞, the PDF reduces to (15) . When the number density is large (n ≫ 1), additional simplification is possible, which leads to (16) . The latter PDF was used to estimate the sheet resistance of ring-based conductive films. This estimation was based on the assumption that the potential drop along a homogeneous dense random system is expected to be linear [23, 24, 21] . Equation (16) allowed us to draw the conclusion that, in such the systems, the ratio of the arc length to the chord length is close to unity since almost all the arcs are short. Moreover, the probability, that a straight line intersects the same arc twice, is negligible for the same reason. The consideration of rings with a given distribution of radius sizes looks like a promising future direction since, in real world systems, size dispersity of rings is observed [21] .
